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Abstrac:t-A simple method of stress analysis in elastic solids with many cracks is proposed. It is
based on the superposition technique and the ideas of self-consistency applied to the average
tractions on individual cracks. The method is applicable to both two- and three-dimensional crack
arrays of arbitrary geometry_ It yields approximate analytical solutions for the stress intensity
factors (SIFs) accurate up to quite close distances between cracks. It is also suggested how a full
stress field can be approximately constructed. Applications to a configuration Mcrack-microcrack
array" and to a problem of effective elastic properties of a solid with cracks are considered.

1. INTRODUCTION

The problem of a linear elastic solid with N cracks having unit normals OJ and subjected
to remote loading tiCS) is equivalent to the problem with tractions OJ' tiCS) applied to the
crack faces and stresses vanishing at infinity. The latter problem, as well known, can be
represented as a superposition of N problems, each involving only one crack but loaded
by unknown tractions, induced, on a line of a given crack (in a continuous material), by
other cracks and by remote loading.t These tractions can be interrelated through a system
of integral equations. Approximate methods of solution of the mentioned system constitute,
therefore, a possible approach to the crack interaction problems.

A simpler method of stress analysis in elastic solids with many cracks is proposed
here (see also Ref. [1]). It is based on the superposition technique and the ideas of self
consistency applied to the average tractions on individual cracks. The method yields
approximate analytical solutions applicable to both 2-D and 3-D crack arrays of arbitrary
geometry. The accuracy generally depends on the density of cracks and remains good up
to quite close distances between cracks (much smaller than the crack size).

The key simplifying assumption of our method is somewhat similar to the Saint
Venant principle of elasticity (see Discussion).

The presented method can be considered as a further development of the ideas of the
earlier work[4-6] where tractions on individual cracks were interrelated by the self
consistency conditions. In this work, the system "crack-microcrack array" was analyzed;
tractions on microcracks were approximated by Taylor's polynomials and the polynomial
coefficients for different cracks were related through potential representations (applicable
to both 2-D and 3-D configurations). Note that similar polynomial approximations for
the general 2-D array of cracks and holes were used by Horii and Nemat-Nasser[7,8]; the
same approach but with a different choice ofapproximating polynomials was also developed
by Gross[3] and Chen[9]. Comparison of our method with the polynomial approximation
techniques is given in Section II.

The method is first illustrated on two "test" problems with known exact solutions
and then formulated for a general crack array.

t Such representations were used by Datsyshin and Savruk[2] and, recently, by Gross[3], Chudrovsky and
co-workers[4-6], Horii and Nemat-Nasser[7,8] (where they were called Mthe method of pseudotractions") and
Chen[9]. In the displacements formulation, similar representations were used by Collins[IO].
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Fig. 1. Superposition for two collinear cracks,
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Fig. 2. Traction on a crack as a sum of its average and a nonuniformily having zero average.

2. TEST PROBLEM: TWO COLLINEAR CRACKS

The problem of two collinear cracks of equal length in an infinite plate loaded by
uniform remote traction poo has an exact analytical solution[ll] and can, therefore, serve
as a test for the proposed method.

The problem is equivalent to the following one: normal traction p"- is applied to the
crack faces and stresses vanish at infinity. (Strictly speaking, the traction applied to the
crack faces is - poo, since it differs from the traction induced on the crack line in a
continuous material by the minus sign. These minus signs are omitted below for
convenience.) The latter problem can be represented as a superposition of two problems,
each involving only one isolated crack but loaded by unknown tractions (see Fig. I where
the parameter k characterizes the ratio of the distance 2k between cracks to the crack
length I - k). The traction on crack 2, (k, I) is

P2(X) = poo + p'(x) (I)

where p'(x) denotes the stress (Jyy generated along the line (k,O in a continuous material
by crack I, the latter being loaded by

PI(X) = poo + p"(x) (2)

where p"(x) is the crack 2-generated stress. (Interrelating p' and p" through integral
equations would constitute a conventional approach to the problem.)

Represent PI(X) as a sum of its average <PI)::: <poo + p") ::: poo + <p") and the
difference p" - <p") having zero average (Fig. 2). The key assumption of the method is to
neglect the traction on crack 2 due to the load p" - <p") on crack 1. Thus the stress shed
on crack 2 by crack 1 results just from the uniform average traction on crack 1; the impact
on crack 2 of the traction nonuniformities on crack 1 with a zero average is neglected.
This assumption results in a major simplification of the problem. Indeed, the traction p'
induced on crack 2 by crack 1 is then taken as the response of the latter to (PI> so that

( )
_ 00 < )[ x + (1 + k)/2 1]P2 X - P + PI -

J((x + k)(x + 1» (3)

where the expression in square brackets is the stress (Jyy generated by crack 1 loaded by a
uniform normal traction of unit intensity (see, e.g. Ref. [12]). The stress intensity factors
(SIFs) at the crack 2 tips would have been readily found if the average traction (PI) on
crack 1 were known.

We introduce a transmission factor A defined as follows. Apply a uniform normal
traction of unit intensity to the faces of crack 1 (considered as an isolated crack in an
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Table I. Comparison with the exact results for two collinear cracks

K~k)/KP (inner tip) K~I)/KP (outer tip)
k Exact As given by eqn (6) Error Exact As given by eqn (6) Error

(%) (%)

0.2 1.112 1.112 1.052 1.052
0.1 1.255 1.251 0.3 1.086 1.086
0.05 1.473 1.452 1.4 1.120 1.118 0.2
0.02 1.905 1.1109 5.0 1.159 1.154 0.4
0.01 2.372 2.134 10 1.184 1.175 0.8

infinite plane). The traction u)')'(x) generated along the x-axis is given by the expression in
square brackets in eqn (3). Its average taken along the line (k, I) in a continuous material
IS

_1_ 11 () d = J(2(1 + k)) _ 1 = A
1 k u)')' x x J -.

- k 1 + k
(4)

The factor A characterizes attenuation of the average traction in transmission of stress
from crack 1 onto the crack 2 line. Note that A < 1 and decreases from J2 - 1 to 0 when
k changes from 0 to 1. Obviously, A is the same in transmissions from crack 1 onto the
crack 2 line and vice versa.

Now (PI) is readily found in terms of A: taking the average of eqn (1)

together with the condition (PI) = (pz) = (p) (symmetry of the configuration) yields

(5)

Equation (5) shows an increase of the average traction due to crack interaction. Using the
general formula, eqn (14), for the SIFs at the tips of a crack loaded by a given traction,
the latter being taken from eqn (3), one obtains the following expressions for the SIFs at
the outer and inner tips, correspondingly

K.(I) = KP{1 + 1 ~ A 1t(1 ~ k) [2tC - k(k + l).X'" - ~(1 - k)J}

K.(k) = KP{1 + 1 ~ A 1t(1 ~ k) [ -2t! + (k + 1).X'" - ~(1 - k)J} (6)

where Kp = paJ J(1t(1 - k)/2) is the SIF for an isolated crack and .X'", t! are complete
elliptic integrals of the argument k' = J(1 - kZ) of the first and second kind, respectively.
This completes the solution.

These results are compared with the exact ones in Table 1. The agreement is very
good. The error becomes noticeable for closely located cracks but even at k = 0.05 (distance
between the cracks is one order of magnitude smaller than the crack length), the error is
only 1.4% for K.(k) and 0.2% for K.(I).

A slight underestimation of K. for closely located cracks is explained by the neglected
response of crack 1 to the traction nonuniformity p" - (p") on it. The tensile zone of this
nonuniformity (marked by + in Fig. 2) would have generated some additional tensile
traction along the crack 2 line.

Note that eqn (5) can be obtained in a somewhat different way. As a first step, we
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Fig. 3. "Feedback" loops for traction averages.

(8)

take the average traction on crack 2 as poo plus the averaged response of crack 1 to peL,
i.e. poo + Apoo. Thus, we make an error in (P2) by not accounting for the "feedback" from
crack 2. Taken as a response of crack 2 to the average traction poco + Apoo, this feedback
will generate the additional average traction A(pOO + Apoo) on crack 1, which in turn will
result in additional average traction A2(poo + ApOO) on crack 2. The next feedback loops
(Fig. 3 illustrates transmission of the averages) will bring the total average to a sum of the
geometrical series

which coincides with eqn (5). Note that this procedure corresponds to solving the linear
algebraic equation of self-consistency for the average traction (p) = peL + A(p) by
iterations, with (p) = poo being a zeroth iteration.

Generally, the iterations (and their interpretation in terms of "feedback loops") are
unnecessary, since the system of linear algebraic equations for the traction averages on
cracks (see Section 4) can be easily solved by direct means.

3. TEST PROBLEM: PERIODIC ROW OF CRACKS

As another test, we consider a periodic row of cracks in an infinite plate subjected to
a remote tension pOC!. Representing the equivalent problem (with traction peG applied to the
crack faces and stresses vanishing at infinity) as a superposition of (identical) problems
involving one crack each (Fig. 4), we write the traction on any given crack as a sum

'X>

p(x) = poo + L P.(x)
• '" - 00.*0

where P.(x) is the traction (fyy generated by the kth crack; positive and negative indices k
correspond to cracks on the left and on the right of the given crack, respectively.

In accordance with the key idea of the method, P.(x) is taken to be generated by the
(yet unknown) uniform average traction (p) (the same for all cracks) acting on the kth
crack. Then

(9)
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Fig. 4. Superposition for periodic row of cracks.

Table 2. Comparison with the exact results for a periodic
row of collinear cracks

h
Exact As given by eqn (9) Error (%)--1

2/
1.0 1.128 1.128
0.5 1.286 1.286
0.25 1.565 1.572 0.4
0.1 2.207 2.271 2.9
0.05 2.987 3.194 6.9
0.025 4.126 4.666 13
0.01 6.499 7.973 23

in the coordinate system with the origin at the center of the considered crack (-I, I). Taking
the average of eqn (9) over (-I, I) yields the transmission factor Nkl characterizing the
attenuation of the average traction in transmission of stresses from the kth crack onto the
given crack

Nk) = Ikl((~(1 + (1/lklW - ~(I - (l/lkl(m - I

where ( = h12/. Note that Nk) """ (l/S(2)(llk2) for large k. Taking the average of eqn (S)
over (-I,nresults in the self-consistency equation for (p)

00 00

(p) = poo + L A(k)(p) = poo + 2(p) L Nk)
k=-oc. k=l

k?' 0

from which we find

poo
(p) = I - 2:EA(kl (10)

thus expressing the average traction in terms of a sum of transmission factors.
The stress intensity factor K. is now readily found as generated by poo and a sum of

all the tractions (9), with (p) given by eqn (10). The ratio K./KP (where KP = poo~(7[l)) is
compared with the exact analytical solution[ll] in Table 2. The accuracy is quite good
unless the distance between cracks becomes two orders of magnitude smaller than the
crack length.

Note. Each of the considered test problems is a highly symmetric crack configuration.
Therefore, the question arises: will our method work as well for the arbitrary crack array
(see the next section)? Since the applicability of the method depends on the possibility to
neglect the impact on a given crack of the traction nonuniformities (having zero average)
on the other cracks, the accuracy depends on distances between cracks but not on the
symmetry of configuration. In fact, the first test problem (two collinear cracks) presents a
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difficult situation for the method. In this problem, the actual tractions deviate from their
averages quite significantly: for k = 0.05, p(x) varies from 1.94 p'" to 1.07 p'" along the
crack 2 line, whereas the average value (p) = 1.23 p"'. In spite of such a variation, the
accuracy is quite good. Note, also, that in the 3-D case, the method will yield accurate
results at even closer distances, since the crack-generated stresses attenuate faster with
distance.

4. ARBITRARY CRACK ARRAY

Application of the method to an arbitrary 2-D array of N cracks 11''''' IN with unit
normals OJ and remote loading u'" is straightforward. The equivalent problem-with the
tractions OJ' u'" applied to the ith crack faces and stresses vanishing at infinity-can be
reduced, by superposition, to N problems, each containing one isolated crack loaded by
unknown tractions, Problem I, for instance, will contain the crack II loaded by °I 'u'"
plus the sum of the tractions generated along the II-line by each of the cracks Ij (treated
as isolated cracks in the otherwise continuous material),

According to the key idea of the method, we view traction induced along the II-line
by crack Ii as resulting from (yet unknown) uniform average traction on Ii (i = 2" , , , N).
Modes I and II will be interrelated: normal (shear) loading of a crack will generate both
normal and shear tractions along the other crack lines. Thus, denoting by Pi and 'j the
normal and shear tractions on Ii and by (p) and ('i)-their averages, we have the
following tractions on crack /1 (-II < ~ < II is a current point on II)

PI(~) = p'f' + °1 ' [U2(~)(P2) + U2W('2) + ,., + U;,.(~)<PN)

+ u~W('N)l 0 1

TIW = T'f' + oJ '[U2(~)<P2) + U2(~)('2) + ... + cfNW(PN)

+ UN(~)('N)l(1 - 0lod (11 )

where p'f' = 0I'U""OI and T'f' = 0I'u""(1 - 0JOI) are the normal and shear tractions
induced on II by the remote loading (I and 0101 denote a unit tensor and dyadic product
of two vectors 01); u7, O'~ are the stress fields generated by the ith crack loaded by uniform
tractions (normal and shear, correspondingly) of unit intensity; they are "standard" fields
given by elementary functions (see, e.g, Ref. [12] or appendix). The quantity in square
brackets is the stress tensor induced along II by the other cracks loaded by the traction
averages on them.

Averaging eqns (11) along /1 yieldst

(PI) = p'f' + A2"I(P2) + A2"1('2) + .. , + A~·I(PN) + AN\('N)

('I) = ,'f' + A2\(P2) + A2\('2) + ... + ANI(PN) + ANI('N) (12)

where the transmission A-factors characterize transmission of the average normal and
shear tractions; e.g. A~f3 is the average shear traction on crack 13 resulting from the normal
uniform load of unit intensity on crack II'

Equations (12) and similar equations on 12"", IN constitute a system of 2N linear
algebraic equations ("self-consistency" equations) for the average tractions (Pk), (Tk),
Denoting by (tk) = (Pk), (Tk» the average traction vector on the kth crack, we can write
this system in a form of N vectorial linear algebraic equations

t Shear tractions Ti are treated in eqn (12) as scalars; TI is taken as positive if its direction is consistent with
the direction of shear traction generating a "standard" field a1 .
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Fig. 5. Tensorial transmission factor.
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(sumoveri = 1, ... ,N;i:F k) (l3a)

where the tensorial element Ai. gives the average traction vector generated along the kth
crack line by an (isolated) ith crack loaded by a uniform traction of arbitrary direction
and unit intensity (Fig. 5). It is given by the expression

(no sum over i or k)

involving averaging of the "standard" stress fields (1/, (II generated by the ith crack over
I. (')'1 is a unit vector tangent to II and (1/ Dj, (II')'; are dyadic (tensor) products). Noting that
the diagonal elements A11, An, .. , characterizing the "interaction of a crack with itself'
are unit tensors I, we can rewrite eqn (l3a) in a compact form

(l3b)

where the conventional summation agreement over all i = I, ... , N is observed.
Thus, crack interactions are described, in the framework of our method, by the

interaction matrix [A j.]. It is, generally, nonsymmetric: Ai. :F A. j (for instance, the impact
of a large crack on a small one is larger than vice versa).

Note that the interaction matrix [AI.] provides an intrinsic description of the crack
array, reflecting its geometry but independent of the remote loading conditions; the latter
affect only the right-hand parts of eqn (l3b).

After the aver~ge tractions (tj) are determined from this system, tractions Pj(~), Tim

on cracks are found from eqn (t 1) and similar equations for 12"", IN; the SIFs are readily
obtained from

(14)

Depending on geometry of the crack array and loading conditions, crack interactions
may result in both stress "shielding" (decrease of SIFs) and stress "amplification" (increase
of SIFs). The test problems of Sections 2 and 3 represent the amplifying configurations
whereas Section 7 contains 3-D examples of both shielding and amplification. The effects
of shielding and amplification in the application to the "crack-microcrack array"
configuration are considered in detail in Refs [18, 19].

Mode III loading can be analyzed along the same lines. Since it does not interact
with modes I and II, the mode III analysis can be done separately.

In the 3-D case, the method remains essentially unchanged; the "standard" stress fields
may be given by special, rather than elementary, functions and the SIFs (generally variable
along the crack edges) are to be found by the 3-D analogues of integrations (14). The
method can, therefore, be applied to arbitrary arrays of elliptical cracks (for which the
"standard" field generated by a uniform loading on a crack is known).

Thus, the method involves: (a) finding the transmission factors, by averaging the
"standard" stress fields generated by uniformly loaded cracks along the lines of other
cracks, (b) solving a system of linear algebraic equations of self-consistency for the average
tractions, and (c) finding the SIFs by integrations similar to (14).
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5. WEAK CRACK INTERACTIONS

The test problems considered above show that the errors in SIFs vanish as the distance
between cracks increases and interactions become weak. This fact is general: the method
is asymptotically exact for weak crack interactions. We call the interactions weak if the
average tractions (/).p), (M) induced on each crack by the other cracks are small as
compared to the a"'-induced p"', r"'. Then all the transmission factors A. « I and, to within
small values of higher order, the traction on a given crack is a sum of 0' ac>J and the
tractions induced on it by the other cracks, the latter being embedded in the ac>J-fieid. (This
follows as a first-order solution of system (11) obtained by one iteration, with p;(~) = P't,
rj(~) = r't being an obvious zeroth iteration.) Thus, instead of

(vectorial form of (11)), we have

tk(~) = tf + Ok' L (Piai' + r'taD
j

(I5a)

(I5b)

so that finding traction averages becomes unnecessary.
Applicability of the approximation of weak interactions depends on whether the

inequalities for tractions «/).p), (M») « (poo, rOO) hold; they are much less restrictive than
the geometrical condition (distances between cracks) » (crack sizes) and, depending on the
geometry of the crack array, may be satisfied for relatively closely located cracks.

As an illustration, consider again the test problem of two collinear cracks. Although
the approximation of weak interactions yields error in SIFs substantially larger than the
basic version of the method, this error is still less than 3% at k = 0.1 when the distance
between cracks is 2/9 of the crack length.

In the 3-D case, the crack-generated stresses attenuate faster and the approximation
of weak interactions can be applied to even closer distances between cracks.

6. REMOTELY LOCATED CRACKS

As noted above, the condition of weak interactions «/).p), (M») « (poo, rOO) does not
impose any explicit conditions on the geometry of the crack array and is much less
restrictive than the assumption of remotely located cracks (distances between cracks» crack
sizes). If, however, the latter assumption is made, further simplifications result and the
solutions become quite elementary.

Since gradients of the stresses generated by cracks attenuate faster than the stresses
themselves, the traction induced on a given crack line by the other cracks can be taken
approximately constant. This constant can be taken, to within small values of a higher
order, as the traction OJ' L ak(O;) evaluated at the center OJ of the given crack Ij, where

k?'i

the "standard" fields ak can be substituted by their remote asymptotics.
Therefore, both averaging of the "standard" fields and solving a system of linear

algebraic equations for averages become unnecessary and the procedure is reduced to
evaluation of the remote "standard" fields at the centers of other cracks.

In this approximation, the SIFs at both crack tips of a given crack (2-D configurations)
are the same. In the 3-D cases, mode I SIFs are constant along the crack edges whereas
mode II and III SIFs undergo a variation along the edge corresponding to a constant
shear traction. Examples are given in Section 7.

The approximation of remotely located cracks, as defined above, should be dis
tinguished from the so-called "small concentration" approximation (terminology often used
in models for the effective elastic properties of a medium with cracks). The latter treats
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Fig. 6. Two parallel penny-shaped cracks.
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each crack as embedded into the remotely applied field tJ'oo; stress fields generated by
the cracks are simply summed up, and crack interactions are entirely neglected. The
approximation of remotely located cracks, on the other hand, provides a first-order
correction due to crack interactions.

Note that this first-order correction depends not only on the density of cracks and
their orientations but on their mutual locations (statistics of the crack centers) as well. The
latter can be disregarded in the approximation of noninteracting cracks (infinitesimal crack
density) only. This remark may be relevant for the problem of effective elastic properties
of cracked solids at finite crack densities.

7. EXAMPLES IN 3-D (PENNY-SHAPED CRACKS)

7.1. Remotely located cracks
7.1.1. Two parallel cracks of equal size (Fig. 6). An explicit closed form solution of this

problem has not been derived, to the best of our knowledge, but asymptotic estimates for
the case alb « 1 have been obtained by lengthy calculations[10]. In this case, the estimate
of K. can be obtained by very simple means in the framework of our method in the remote
locations approximation. The traction p" induced on 51 by crack 52 can be taken, to
within small values of higher order, as the Gz:-response of crack 2 to the uniform loading
poo evaluated at °1 , i.e. the stress generated along the Z-axis (see Ref. [12] or appendix)

(16)

(p = ria, z= zla) evaluated at z= 2bla. For z» 1 we obtain

(17)

so that, to within small values of higher order in alb

(18)

This result coincides with the asymptotic estimate given in Ref. [13]. Note that the only
information needed to obtain eqn (18) is the stress (17), generated by an isolated uniformly
loaded crack at remote points above its center.

The restriction alb « 1 can be removed and strong interaction can be considered by
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P'"
Fig. 7. Two co-planar penny-shaped cracks.

taking p" = p"(x, y) as the stress field generated on SI by crack S2 loaded by (p), the latter
being determined from the condition of self-consistency for the averages.

7.1.2. Two parallel cracks of different radii, a l and a2' Taking traction induced on SI
by crack S2 as the crack S2 response to the poc,-loading evaluated at 0" and following the
same reasoning as above, we obtain KIll on crack SI

and similarly for crack S2

7.1.3. Two co-planar cracks (Fig. 7). In the same approximation of remotely located
cracks, evaluating the traction P"(OI) generated by crack 2 loaded by pI» at point 0 1 from
the expression for (1%% in the plane of the crack (appendix)

2 1 _
(1%% = _pI» [1 - J(p2 - 1)arctan(p2 - 1) 112]

7t J(p2 - 1)
(19)

(p = ria) for the remote points 2b/a » 1, we obtain: P"(OI) = poc,(a/b)3/127t so that, to within
small values of higher order in alb, K, is constant along the crack edge and is given by

(20)

The second term in square brackets represents the stress "amplification" due to crack
interaction. Comparison with the 2-D case (two collinear cracks) for which the similar
asymptotic estimate yields

K. = Kp[1 + (a/W/8]

shows that the interaction is substantially weaker in the 3-D case, at least for remotely
located cracks.

It is interesting to compare the stress amplification given by eqn (20) with the stress
"shielding" (decrease in KI due to interaction of cracks) for the stacked cracks, eqn (18).
The effect of shielding is much more pronounced (8 times) for the same ratios a/b.
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Fig. 8. Strong interaction of two co-planar cracks (distance between cracks equals 1/10 of the
crack diameter). Variation of K1/K? around the crack edge.

7.1.4. Two co-planar cracks of different radii, a1 and a2' The same considerations as
for the stacked cracks yield

7.2. Closely located co-planar cracks (strong interaction)
In the case of strong interaction (closely located cracks), we use the full expression,

eqn (19), rather than its remote asymptotics; the average traction (p) (the same for both
cracks) is found from the self-consistency condition and then eqn (19) (with (p) in the
place of pOO) is integrated (3-D analogue of (14)) along the surface of the crack. The result
(K. varying along the crack edge) is shown in Fig. 8 for the case when the distance between
cracks equals 1/10 of the crack diameter. At such distances, the errors :::: I % in the
corresponding 2-D problem (Table I); in 3-0, the errors are generally smaller (crack
generated stresses attenuate faster with distance). The results of Fig. 8 are therefore expected
to be quite accurate.

The maximal increase in K. along the crack edge, due to interaction, is about 17%.
Note that in the corresponding 2-D problem (Fig. I) with the same ratio of the distance
between cracks to the crack size, the increase in K. at the inner tips is about 50%. This
illustrates the fact that crack interactions are generally weaker in 3-D configurations as
compared to 2-D ones.

8. CONSTRUCTION OF A FULL STRESS FIELD

The presented method yields the SIFs and average tractions on cracks. In the 2-D
case, these quantities can be used to construct the full stress field in a solid, by the procedure
outlined below. Since stresses corresponding to the given SIFs and traction averages can
be determined only to within a stress field generated by any system of loads resulting in
zero SIFs and traction averages, such a construction is, obviously, only an approximation
of the actual field..

The displacement field generated by a single crack can be represented as an integral
of the double layer potential type (also known as a representation of a crack by dislocations)

(21)

where bW is the displacement discontinuity (crack opening displacement, COD); it is
vectorial since both modes I and II may be present; and cD is the second Green's tensor
of elasticity for an infinite plane. Differentiation of u(x) (can be applied to cD under the
integral) and multiplication by the appropriate elastic constants yield the stress field cr(x)
if bW is known. In the case of N cracks, the u- and a-fields are given by a sum of integrals
(21) taken over alii; so that the problem would have been solved if the COOs were known.

We suggest constructing each of the normal bn (tangential btl components of the COD
of a given crack -I < x < I as an ellipse that would correspond to a certain uniform

~A:i 21: I-C
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normal (shear) loading multiplied by a quadratic polynomial ("polynomially distorted"
ellipse)

(22)

(E' is Young's modulus E for plane stress and E/O - v) for plane strain) where the three
coefficients of the quadratic polynomials in each of the modes (CTn,an, Pn and CT., 1Xt> P.) are
chosen in such a way as to match the previously found values of the SIFs and average
tractions (KI(±0, (p) and KII(±0, (r», i.e. (appendix)

CT =(2 )_K,m+ K ,(-0
n p 2.J(1r0

Kim - K,(-0a =---....:..:....:....-_::.:.-....:---
n 4(p).J(1r[) - [Kim + K,( -0]

Pn = 2 Kim + K.( -I) - 2(p).J(1r0 .
4(p).J(1r0 - [Kim + KI(-nJ

(23)

(Identical formulas hold for the mode II quantities.)
Substitution of thus found b(x) into the integral representation (21) results in a stress

field expressed in elementary functions (appendix).
Note that the idea ofa "polynomially distorted" ellipse can be related to the polynomial

conservation theorem stating that a crack loaded by a traction polynomial of degree N
assumes the shape of an ellipse times a certain "distortion" polynomial of the same degree
N. The shape (22) corresponds, therefore, to an approximation of the tractions induced on
a given crack line by other cracks by a certain quadratic polynomial, namely (appendix)

(24)

with a, Pgiven by eqns (23); these tractions "match" the previously found values of the
stress intensity factors and average traction on the given crack. If the polynomial
approximation (24) were based on the exact values of SIFs and the traction averages then
the difference between the constructed and the actual stress fields would have amounted
to a stress field generated by such a system of tractions on the cracks that (a) all the SIFs
were equal to zero, and (b) traction averages on each of the crack faces were equal to zero.
Such a stress field can be expected to be just a small perturbation of the actual field except,
possibly, in the close vicinity of the crack faces (where the boundary conditions are not
exactly satisfied). If the values ofSIFs and traction averages used in eqns (23) are sufficiently
close to the actual ones, then the relative error in the stress field can still be expected to
be small.

As an example, consider again the problem of two collinear cracks (Fig. 1), for which
the exact shape of the COD is given in Ref. [12] for k = 0.1 (Fig. 9, solid line); note that,
in the scale used, this shape deviates substantially from the elliptical COD for one isolated
crack. Figure 9 (dashed line) shows the "quadratically distorted" ellipse, with the distortion
polynomial found from eqns (22) and (23). Except in the vicinity of the point x = 0.7 where
a slight deviation occurs, the constructed shape coincides with the actual COD to within
the thickness of the line. This test problem seems to indicate that the "quadratically
distorted" ellipse, chosen as to match the SIFs and average tractions, is a reasonable
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Fig. 9. COD in the problem of two collinear cracks (solid line, actual shape of the cracks; dashed
line, "quadratically distorted" ellipse).
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approximation of the actual COD. Applying it to the COOs in a solid with many cracks
and using potential representations-sums of integrals (21), one may obtain a reasonable
approximation of the fields u(x) and a(x).

9. ON THE PROBLEM OF EFFECTIVE ELASTIC PROPERTIES OF SOLIDS WITH CRACKS

Below, we outline how to apply the presented method to the problem of effective
elastic properties of solids with cracks.

The problem is formulated as finding a fourth rank tensor COrr relating the average
over a representative volume V strain (e) to the remotely applied stress a OO (which is also
equal to the volume average (a) [14])

(25)

(The semicolon denotes contraction over two indices.) The commonly used starting point
is a representation of (£) in the form

(£) = CO:a oo + 2
1v'4.i (ob + bo)dS.

I Sj

Notations are as follows: CO is a tensor of elastic compliance of the material without
cracks; OJ is a unit normal to the ith crack with a surface Sj; bi is the displacement
discontinuity across Sj (relative displacement of the crack faces), it is vectorial since both
normal and tangential components may be present.

For flat cracks, 0 = const along each of the cracks so that

(26)

where (b j ) denotes the average of bj over Si' In the 2-D case, surfaces Sj are to be
substituted by lines Ii and representative volume V by representative area A.

Thus, the problem is reduced to the determination of the average displacement
discontinuities (bi ) on cracks; if we could relate them to a OO and to the crack array
geometry, the effective elastic properties Cerr would have been found.

The existing models, aside from the approximation of noninteracting cracks (small
crack density) belong to one of the modifications of the self-consistent or differential
schemes. Limitations and certain conceptual difficulties of these models were discussed in
a recent survey by Hashin[15]. Note, also, that it appears difficult to incorporate the
information on mutual locations of cracks (statistics of crack centers) into these schemes.
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A new approach to the problem, based on the presented method can be suggested.
The problem that arises is to relate the average displacement discontinuities (b) in eqn
(26) to the quantities K( ± IJ and (t) (SIFs and average tractions on cracks) provided by
the method.

Such a relationship can be established, in the 2-D case, by taking averages of the
CaDs given by eqns (22) and making use of eqns (23); this would express (b) in terms
of K( ± Ii) and (t). The example of two collinear cracks appears to be encouraging: Fig.
9 (and the identical figure for the mode II COD) shows that the areas under the dashed
and solid lincs diITcr ncgligibly; notc that cracks reprcsented in Fig. 9 are located quite
closely: (distance between cracks)/(crack length) = 2/9. The averages (integrals) of eqns (22)
are expressed in elementary functions, and the effective properties are found by relatively
elementary means. For the 3-D crack arrays, where the SIFs are variable along the crack
edges, establishing relationships similar to eqns (22)-(24) is, presently, less clear.

An even simpler, and physically interesting, way to establish a relation for (b)
(applicable to both 2-D and 3-D configurations) can be suggested as follows. In the 2-D
case, direct calculations of (bn ) from eqns (22) yields

(27)

On the other hand, calculations show that if p(x) is the traction that would have produced
bix) given by eqns (22), then its average is

(p) = CTn(1 + ~). (28)

Thus

rtf I + PI4
(29)(bn ) = (p). E' 'I + P13'

The ratio (1 + PI4)/(l + PI3) depends on the coefficient P at the quadratic term in the
distortion polynomial (note that it does not depend on the coefficient at the linear term)
but, typically, it does not deviate much from 1. In the example of Fig. 9, P= 0.22 so that
the mentioned ratio differs from 1 by less than 2%. Note that at even much larger P, of
the order of 1, that may occur at very close distances between cracks, this ratio is still :::: 1
to within a few percent. This, together with the fact that the mode II quantities, (b,) and
(r), are interrelated by the formula analogous to eqn (29), lead to a simple proportionality
relation for the vectorial quantitiest

rtf
(b) :::: £' (t). (30)

Finding (t)'s from eqn (13b) and substituting into eqns (30) and (26) yield the following
expression for Cerr:

(31 )

where .Qik = (e5ikI - Aik)-l and summation over the crack numbers i, k is assumed.

t Note that formulas (29) and (30) will not change if the quadratic approximation, eqns (24), of tractions on
a given crack (and, correspondingly, "quadratically distorted" COD ellipses, eqns (22» is upgraded to a cubic
one, since the odd order polynomial terms do not alTect the average quantities (hi) and (t i ).
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In the 3-D case (penny-shaped cracks) the normal and shear "compliances" of a crack
(i.e. the average normal and shear relative displacements of the crack faces resulting from
the unit normal and shear tractions) are not the same so that the vectors (b) and (t) are
not collinear (although the angle between them is relatively small). Therefore, a relation
of the type of eqn (30) ought to be formulated for the normal and shear components
separately and for a crack of radius R we have

(b) = (bn) + (b,) = p(t)'nn + y(t)'(I- nn) (32)

where p= 16(1 - v2)R/31tE and y = 32(1 - v2 )R/31t(2 - v)E are the normal and shear
"compliances" of the crack. Finding the average traction (t j ) on the ith crack from eqn
(l3b) and substituting into eqns (32) and (26) yield:

O 16(1 - v2
) S·R·cpq,. = c( )pq,. + I I (Or-'n'!n' + Oll'n!'n' - vO!'n!n!'n'!n') (33)31t(2 _ v)E V Ik I k Ik I k Ik I I I k

where the summation over the crack numbers i, k is assumed and Sj = 1tRf is the crack
area.

Formulas (31) and (33) are explicit expressions for the effective elastic properties. They
are given in terms of O's, i.e. the problem is reduced simply to inversion of the matrix of
transmission factors.

The simplest approximation of non-interacting cracks (called sometimes a small crack
density approximation) when each crack is assumed to be embedded into the O'oc-field
( tj ) = nj ' 0'00) is readily recovered by taking all transmission factors Ajk = 0 (no interactions)
so that n jk = «Sjkl. We remark that taking I\'s in the approximation of remotely located
cracks (Section 6) yields a rigorous first-order correction to Cdr due to crack interactions.
Note that this first-order correction will already depend not only on the density of cracks
and their orientations but on their mutual positions within the elementary volume as well.

Since the presented approach to many crack problems is accurate at quite close
distances between cracks, the results for the effective elastic properties can be expected to
be accurate up to high crack densities. Unlike some of the existing models for the effective
properties, these results will be sensitive to mutual locations of cracks. Formulas (31) and
(33) assume that the information on the crack array geometry is known in deterministic
terms; statistical information on the crack array can be incorporated into the model
through the statistical treatment of the transmission factors.

10. INTERACTION OF A CRACK WITH A MICROCRACK ARRAY

This problem models interaction of a crack with a damage field developing in a
process zone near the crack tip in many brittle materials[16, 17]. Such an interaction can
significantly alter the stress concentration at the main crack tip. Depending on geometry
of the microcrack array, both stress amplification and stress shielding (increase or decrease
of the effective SIF) can occur. (The problem has been approached by the polynomial
approximations technique in Refs [4-6] where two simple examples were also considered.)

The configuration consists of a semi-infinite crack and a microcrack array. The stress
field can be represented as a superposition

N

O'(x) = K.O'.(x) + KuO'u(x) + L O'Jx)
j= 1

(34)

(N is the number of microcracks) where a. = frt8)/.j(21tr) and au = fu(O)/.j(21tr) denote
modes I and II asymptotic crack tip fields and 0'; is the ith microcrack-generated stress.
Applying our method we represent the traction t~e) on the ith microcrack as a sum of
tractions induced by the other microcracks loaded by the average tractions on them plus
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the traction induced by the main crack tip (analogously to eqns (13a), with the main crack
tip field playing the role of 11"")

tl{~) = Dj'{KII1I + K III1I1 + ~)(Pt)l1. + ('t)I1D}.
t

taking the average of eqn (35) over I; yields

(35)

(36)

where the transmission A-factors interrelate average tractions on different microcracks and
vectors t/Jj = OJ' (11.)j, ljIj = OJ' (1111); characterize the impact of modes I and II on the main
crack on the average traction on the jth microcrack, respectively.

N vectorial linear algebraic equations (36) contain N vectorial unknowns (tt) and
two unknown scalars K .. K II • Two additional scalar equations express the impact of
microcracks on the main crack

(37)

where K?, Kft denote SIFs on the main crack in the absense of microcracks. Solving eqns
(36) and (37) yields SIFs at the main crack tip (and the average tractions on microcracks).
If, in addition, SIFs at the microcrack tips are of interest, they are obtained as induced by
tractions t j given by eqn (35).

Simplicity of the method allows one to analyze interaction of the main crack with
arbitrary microcrack patterns. Two test configurations-one collinear microcrack and a
periodic row of collinear microcracks-for which the exact solutions exist[20] show that
the results remain quite accurate when the spacings between cracks are much smaller than
the microcrack length. For more detailed analysis of various configurations, see Refs
[18,19]. Some important features of the crack-microcrack array interactions can be
summarized as follows. Under mode I loading conditions, the effect ofshielding ("toughening
by microcracking") is generally dominant, as compared to the one of amplification. The
opposite appears to be true in mode II loading. The effect of microcracks located "behind"
the main crack tip ("passive" part of the fracture zone) is very small.

Three-dimt;nsional crack-microcrack interactions can be analyzed along the same
lines, by taking tlj as the "standard" stress fields generated by uniformly loaded microcracks
(penny-shaped or elliptical) and using the 3-D analogue of formulas (37) for the SIFs along
the edge of the main crack (penny-shaped or elliptical).

11. COMPARISON WITH THE POLYNOMIAL APPROXIMATION TECHNIQUES. DISCUSSION

The advantages of the presented method are that it is simple and applies to both 2
D and 3-D configurations with equal ease. It is interesting to compare the results produced
by our method with the ones obtained by the polynomial approximations techniques (see
Introduction).

Taylor's polynomials centered at the crack centers represent the simplest choice of
approximating polynomials. They were applied to the configuration "crack-microcrack
array" in Refs [4-6] and to the general 2-D crack array by Horii and Nemat-Nasser[7, 8].
The latter authors considered the same test problems-two collinear cracks and a periodic
row of collinear cracks-as in Sections 2 and 3. Their results show that the degree of
approximating polynomials increases rapidly as the spacings between cracks become
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smaller. The closest distance considered in Refs [7, 8J is 1/4 of the crack length; at this
distance the polynomials' degrees are 28 and 17 for the problems of two collinear cracks
and a periodic row of cracks, respectively (for the latter problem, the results obtained by
using linear and quadratic polynomials are also given; they generate errors of 15 and 7%).
At this distance, our method yields practically indistinguishable errors (about 0.3%). At
the distances one order of magnitude smal1er than the crack length, thc polynomial's degree
in the method of polynomial approximations can be expected to be several times higher;
for an arbitmry array of N cracks under mixed loading conditions, the total number of
polynomials' coefficients to be determined will have to be multiplied by 2N.

Gross[3] showed that the Chebyshev's polynomials represent the best choice of
approximating polynomials (in the sense that the increase of the polynomials' degree by
one increases the rate of attenuation of error of the crack-generated stress with distance
by r- 1

). The technique of Chebyshev's polynomials was applied to the problem of two
collinear cracks by Lietzau[21] who found that, similarly to the Taylor's polynomials
technique, convergence becomes increasingly difficult as the spacings between cracks
become smaller. The closest distance considered in Ref. [21] was 1/10 of the crack length;
at this distance, the Chebyshev's polynomials of the sixth degree yield a 10.7% error in
SIFs; for comparison, our method yields a 1.5% error (Table 1).

It seems that the key difficulty in polynomial approximations of tractions (induced
on a given crack line by the other cracks) is that these tractions are singular (at the other
cracks' tips). At small distances between cracks such approximations become increasingly
difficult. The above proposed method, on the other hand, takes these tractions as "standard"
fields (generated by the other cracks) and thus retains the singularities.

Note that the technique of polynomial approximations, as presented in Refs [3,7-9]
is based on complex variables representations and is not, therefore, easily extendable to
the 3-D configurations. Such an extension is possible by coupling polynomial approxi
mations with the integral representations of the double layer potential type ("representation
of cracks by dislocations"), as suggested in Refs [4-6]. The main drawback of the
polynomial technique-a large number of polynomial coefficients (rapidly increasing as
spacings between cracks become smaller)-will, however, become much more severe in
the 3-D problems where polynomials of two variables will have to be used for approximation
of tractions on each of the cracks.

The advantages of the proposed method, as compared to the polynomial approxi
mations technique, may under certain conditions be less pronounced in the problem of
"crack-microcrack array" interactions. If microcracks are much smaller than the main
crack and are not too close to it, then the main crack-generated stresses can be taken as
approximately constant along each of the microcracks. Furthermore, if the interactions
between microcracks are weak as compared to their interactions with the main crack tip,
then the total tractions on each of the microcracks are approximately constant and the
problem formulated by eqns (36) and (37) is reduced to interrelating these constants and
K .. KII • The mentioned constants should be taken as traction averages; substitution of the
latter by the traction values at the mierocrack centers (may result in insignificant
errors) constitutes the zeroth order Taylor's polynomials approximation (called "piecewise
constant" approximation in earlier work[4-6] where higher order Taylor's approximations
are also considered).

The key idea of the proposed method-to neglect the impact on a given crack of the
traction nonuniformities on the other cracks-is somewhat similar to the Saint-Venant's
principle of elasticity and may be interpreted as the Saint-Venant-type principle for solids
with cracks. Moreover, since the SIFs are given by integrals of tractions (eqn (14) or its 3
D analogue), the effect of the mentioned nonuniformities is neglected not in the pointwise
sense (as in Saint-Venant's principle) but in a "milder", integral sense. This may explain
why our principle works well for closely spaced cracks.

The method allows further refinements. For example, in addition to the average
tractions, linear components of the traction nonuniformities (having zero average) can be
taken into account. Then, in addition to the transmission factors interrelating the traction



40 M. KACHANOV

averages on the cracks ("average -+ average" interactions), factors of the type "average -+

linear", "linear -linear", "linear -+ average" are to be introduced; they will be determined
from a system of linear algebraic equations. The next term-the quadratic component of
the traction nonuniformities·- can also be taken into account; it may be relcvant for an
array ofcracks with symmetrically distributed tractions on them when the linear component
vanishes (periodic arrays, for instance). Another way to improve accuracy is to construct
the COOs as "quadratically distorted" ellipses matching the SIFs and the average tractions,
eqns (22) and (23), and, substituting them into eqn (21), recalculate the tractions induced
on a given crack by thc othcr cracks. Thc formulas given in the appendix providc the
ingredients necessary for the mentioned refinements. The accuracy will be improved even
further, but at the expense of simplicity. The test problems considered above seem to
indicate that the simplest version of thc method is, typically, adequate.

Note that our model is linear elastic and, therefore, does not describe the nonlinearities
related to a (possibly) different behavior of a crack in tension and compression in the
direction normal to the crack faces. The existence of such nonlinearity depends on the
level of compressive stresses and the initial aspect ratio of the crack: at low compressive
stresscs insullIcient to c10sc thc crack (some stress wavcs problems, etc.) the linear clastic
model is adequate; at higher compressive stresses, gradual closing of a crack results in a
nonlinearity. For very thin cracks, this nonlinearity can be approximated by a piecewise
linear behavior. The latter can be incorporated into our method by eliminating the mode
I component (In of the crack-generated stresses for the cracks with negative <p) (leaving
the mode II component (It unchanged under conditions of no friction or setting (It = 0
under conditions of high friction inhibiting sliding of the crack faces) and reconsideration
of system (l3b).

Note, also, that the method appears to be suited for incorporation of the statistical
information on the crack array (through statistical treatment of the transmission factors).
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APPENDIX

A quadratic loading

(AI)

on a crack (-I, I) results in the following SI Fs

and has an average

Equations (23) are based on these formulas and on a relation between the loading (A I), and COD derived below.
A simple way to derive the COD corresponding to the loading (AI), is by using Castigliano's theorem (see,

e.g. Ref. [II]). To calculate the opening b(x) at a certain point x we apply a couple of virtual forces Q at this
point. Ir K.,,( ± 1) and K1,j. ±1) are the SIFs corresponding to the actual loading p(x) and to Q. then, by considering
the crack as having grown symmetrically from x = 0, calculating the energy release contributions from both
crack tips and letting the virtual forces Qapproach zero we find

b( ) =.3- i[K (l')oK1q(n K (_I,)oK1Q(-n]dl'
x E' J. Ip oQ + Ip oQ .

Substitution of

and

and integration establishes a relation between the coefficients of the quadratic loading (AI), and the coefficients
of a Mquadratic distortion" of an elliptical COD

b( ) =4Po/(1 !1 ~~ !1~)J(1 _XZ).x E' + 6 + 2 1+ 3 /z IZ
(A2)

(A similar relation holds for mode II loading, with Po changed to to and a., P. changed to a.. Pr) The stress field
generated by the crack can now be found by using b(x) in eqn (21). Transformation of the displacement field
into stresses uiiu) = .l.u';.ttSij + /l(ui,j + uj.t ) will require differentiation of the second Green's tensor

1+ v[ RRJCIl(~ x) = -- (I - 2v)(oR - Rn - n' RI) - 20' R-, 4nRz R Z (plane stresst)

where R = ~ - x, I = e.e. + eZe2 is a 2·0 unit tensor and n is, in our case, a unit normal to the crack. The u,.
stress component, for example. is

t For plane strain, the factor I + v is to be changed to 1/(1 - v).
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Evaluation of the integrals in eqn (21) by the residue technique yields the expressions for stresses. They can be
represented as a sum of the stress fields corresponding to the constant, Po(1 + P/6). linear. Po(a./2 x x/f) and
quadratic. Po(P/3 x x2/12) terms of the "distorsion polynomial" (A2l. The stresses due to the constant terms (can
also be found in Ref. [12]) are of particular importance: they are the "standard" stress fields a" and a' used
throughout the presentation. These fields as well as the fields due to linear, x/I, and quadratic, x 2(1 2, terms are
given below for each of the modes I and II.

ModI! I loudillK
(I) Stress field generated by a uniform load of unit intensity ("standard" stress field a")

(I.. = 12 - Sy21. + Sy·l.

(lxy = 2( - ylJ + xyl. + 4}·J/, - 4xyJ/.)

(Ivy = 12 + 6y21. - Sy·I •.

(2) Stress field generated by a linear (x/l) term

I 2 •
(I"=iU1-Sy IJ+Sy I,)

2
(lXY = i[ -y12 - xylJ + y(x2 + 5y2)/. + 4xyJ/, - 4yJ(x2 + y2)/.]

I 2 •
(I)"Y = lUI + 6y I J - Sy I,).

(3) Stress field generated by a quadratic (x 2/1 2) term

I [ 1
2

]U.. =r I + 2xl l - (x2 + 9y2)/ 2 - 16xyl/ J + Sy2(X2 + 2y2)/4 + Sxy4/, - Sy4(X2 + y2)/.

(I xy = ~[ - yf 1 - xyl2 + }~ - .~2 + 5yl)1 3 + xy(x 2 + 5l)l. + 4yJ(x2 - y2)I, - 4xyJ(x2 + y2)1.]

I [ 1
2

]Un = r I + 2x/ l + (_x 2 + 3y2)/2 + Sxyll J - 4y2(X2 + 3y2)/4 - Sxy·I, + Sy·(x2 + y2)/.

Mode II loading
(I) Stress field generated by a uniform load of unit intensity ("standard" stress field u')

(I.. = 2(3Y/J - 3xy/. - 4y3/, + 4xyJ/.)

(Ix)" = /2 - Sy2/. + Sy4/.

(In = 2(-y/3 + xyl. + 4yJ/, - 4xyJ/.).

(2) Stress field generated by a linear (x/I) term

2
(I.. = i[3y2/2 + 3xY/J - y(3x 2 + 7y2)/. - 4xyJ/, + 4yJ(x2 + yl)/.J

(lxy = fUI -Sy2/J + Sy4/,)

2
(lyy = i[ -y12 - xylJ + y(x2 + 5y2)/. + 4xyJ/, - 4yJ(x2 + y2)/.J.

(3) Stress field generated by a quadratic (x2/12) term

2
(Ixx = r[3yl, + 3XY/2 + y(3x2

- 7y2)1 J - xy(3x2 + 7y2)/. - 4yJ(x2 - y2)/, + 4xyJ(x2 + y2)/.]

I[ P ]uxy = r I + 2x/) - (x2 + 9y2)/2 - 16xy21J + Sy2(X2 + 2y2)/. + 16xy4/, - 8y·(x2 + y2)/6

2
uyy = r[-yll - Xyl 2 - y(x2 - 5yl)/J + xy(x1 + 5y2)/. + 4yJ(x2 - y2)/, - 4xyJ(x2 + y2)J6]

The following notations are used in the above formulas
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Elastic solids with many cracks: a simple method of analysis

/, = 4[3 .)Y - ')11.
.)/)(.)11. + .)Y + .)/)2

/ = 4/2 I
2 J(~(Ja + Jy + J(~)

1
3

= 2[3'JY - ')11.
.)(ay)/)3/2

1
4

= 2/2 .)11. + .)y
.)(ay)/)3/2

1 _ ~ 3J(aYXJa + .)y)2(Jy - "/11.) + (~(y3/2 - a.l/2)
5 - 2 (ay)3/2/)5/2

1 _!: (11.3/2 + y3/2)fJ + 3"/(ayX"/a + ../y)3
6 - 2 (ay)3/2/)5J2

a = (x _1)2 + y2

II = 2(x2 + y2 - [2)

Y= (x + 1)2 + y2

/) = p+ 2.)(ay).
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In the 3-D case, the stress field generated by a penny-shaped crack of radius a loaded by a uniform normal
traction p is found from the same representation, cqn (21), as in the 2-D case, with

I I [ RRJCIl(~,x) = (l - 2VXDR - Rn - D· RI) - 3D·R-
8n(1 - v) R 3 R 2

(where 1= e.e. + e2e2 + e3e3, otherwise notations are the same as in the 2-D case). Making use of the ellipsoidal
COD due to loading p

performing differentiation of CI> (required by transformation of displacements u into stresses) and integration
yield the stress field. In particular, the stress u.. normal to the crack is given by

Evaluation of the integral along the Z-axis and in-plane of the crack yield expressions (16) and (19).


